Predicted Versus Observed Failure Surface: A Case Study by Basudhar, P. K. & Bhattacharya, G.
Missouri University of Science and Technology 
Scholars' Mine 
International Conference on Case Histories in 
Geotechnical Engineering 
(2008) - Sixth International Conference on Case 
Histories in Geotechnical Engineering 
14 Aug 2008, 4:30pm - 6:00pm 
Predicted Versus Observed Failure Surface: A Case Study 
P. K. Basudhar 
Indian Institute of Technology Kanpur, Kanpur, India 
G. Bhattacharya 
Bengal Engineering and Science University, Shibpur, Howrah, India 
Follow this and additional works at: https://scholarsmine.mst.edu/icchge 
 Part of the Geotechnical Engineering Commons 
Recommended Citation 
Basudhar, P. K. and Bhattacharya, G., "Predicted Versus Observed Failure Surface: A Case Study" (2008). 
International Conference on Case Histories in Geotechnical Engineering. 39. 
https://scholarsmine.mst.edu/icchge/6icchge/session02/39 
This Article - Conference proceedings is brought to you for free and open access by Scholars' Mine. It has been 
accepted for inclusion in International Conference on Case Histories in Geotechnical Engineering by an authorized 
administrator of Scholars' Mine. This work is protected by U. S. Copyright Law. Unauthorized use including 
reproduction for redistribution requires the permission of the copyright holder. For more information, please 
contact scholarsmine@mst.edu. 
  
PREDICTED VERSUS OBSERVED FAILURE SURFACE: A CASE STUDY 
 
P.K. Basudhar      G. Bhattacharya 
Indian Institute of Technology Kanpur,    Bengal Engineering and Science University,  





The paper pertains to the studies undertaken to investigate the efficacy and correctness of a numerical scheme developed by the 
authors to predict the stability of slopes. As such, a well documented failed test embankment has been reanalyzed using the 
suggested method for predicting the critical slip surface and the associated factor of safety.  A comparison of the predicted failure 
surface (critical slip surface) with the observed failure surface showed close agreement; the corresponding value of factor of 
safety was found to be close to unity. Thus, the case study demonstrated that with appropriate choice of the strength parameters 





The stability analysis of slopes based on limit equilibrium 
methods is now widely appreciated to be essentially a 
problem of optimization. In such an analysis the shape and 
location of the surface of minimum factor of safety (safety 
factor), called the critical slip surface, is determined, subject 
to the conditions that the shape of the critical slip surface is 
physically reasonable and the obtained solution satisfies 
some acceptability criteria.  
During the past four decades, a great deal of research has 
been directed towards refinements in the development of the 
safety functional. Quite a few methods are currently 
available (Janbu 1954, 1973; Morgenstern and Price 1965; 
Spencer 1973, Sarma 1979), which are valid for general slip 
surfaces and satisfy all conditions of equilibrium. Excellent 
reviews are available on the accuracy of various limit 
equilibrium methods of analysis (Duncan 1996). 
Refinements in the method of analysis were followed by the 
use of sophisticated optimization techniques to search for 
the critical slip surface, e.g., calculus of variation (Revilla 
and Castillo 1977; Baker and Garber, 1978), linear 
programming (Martins, 1982), dynamic programming 
(Baker, 1980). While dynamic programming technique is 
very powerful as it yields the absolute minimum 
disregarding any local minima that may exist, it suffers 
from a major drawback known as the curse of 
dimensionality. Baker (1980) has also pointed out other 
drawbacks of dynamic programming technique when 
applied to slope stability problems. Morgenstern (1977) 
commented on some difficulties in the application of 
variational calculus to slope stability problems and 
cautioned against ignoring these difficulties. According to 
Martins (1982), variational techniques can not be used for 
heterogeneous media. Because the stability analysis of 
slopes involves nonlinearity, the linear programming 
technique has not been popular to the researchers in this 
area. The penalty function formulation or the sequential 
unconstrained minimization technique (SUMT) has found a 
number of applications in the slope stability computations 
(Basudhar, 1976). The most important merit of the penalty 
function methods is their flexibility; one can easily add or 
delete constraints, modify the objective function or 
constraints and interchange the roles of various parts of the 
problem. A critical appraisal of the application of 
optimization techniques, in particular, the application of the 
SUMT to a wide variety of slope stability problems has 
been presented by Bhattacharya (1990). 
To obtain a physically acceptable solution, it is essential not 
only to satisfy the equilibrium and boundary conditions and 
failure criterion along the shear surface but also to satisfy 
some conditions of acceptability such that the implied state 
of stress within the soil mass is feasible. The stresses 
obtained from the solution should not violate the Mohr-
Coulomb failure criterion anywhere within the sliding body, 
no tension should be implied and the directions of forces 
should all be kinematically admissible (Morgenstern and 
Price, 1965). It has been pointed out (Sarma, 1979) that it is 
extremely difficult to get an acceptable solution and needs 
use of sophisticated algorithms with lot of computational 
efforts for the same. Application of numerical techniques to 
solve such constrained optimisation problem staring from 
an initial infeasible design point  is an art and the efficacy of 
these techniques to new problems is generally problem 
oriented and needs critical evaluation.  
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Keeping the above in view, Bhattacharya and Basudhar 
(2001) developed a generalized procedure for slope stability 
analysis to find the minimum value of the factor of safety 
and the corresponding critical slip surface satisfying all 
conditions of static equilibrium and other acceptability 
criteria. The Spencer method (Spencer, 1973) suitable for 
analyzing any arbitrary non-circular slip surface is used here  
to compute the factor of safety. Solution to the constrained 
optimization problem is obtained by using sequential 
unconstrained minimization technique. Using such a method 
both the critical slip surface and the minimum factor of 
safety are determined simultaneously. The generalized 
procedure presented here can be coupled with any other 
generalized procedure of slices (Morgenstern and Price, 
1965).  
 The above mentioned procedure developed by the authors 
has been successfully applied to a series of slope problems 
ranging from homogeneous simple slopes to heterogeneous 
zoned dams; however for it’s validation, it is essential to 
critically compare the predicted critical slip surface and the 
associated minimum factor of safety with observed failure 
surfaces obtained from well documented case histories of 
slope failures. Towards this end, this paper presents such a 
comparison between the predicted and the observed slip 
surfaces. Therefore, test data from Lanester test 
embankment failure in France, as reported by La Rochelle 
et al. (1974), have been considered.  
For the sake of completeness and ready reference, a brief 
account of the Direct Procedure as developed by the authors 
is presented here. 
LIMIT EQUILIBRIUM ANALYSIS 
The Safety Functional  
In the Spencer method (Spencer 1973) it is required to solve 
the following pair of nonlinear equilibrium equations to find 
the two unknowns F and  θ : 
Force Equilibrium       :  Zn (F, θ)  =  0    (1a) 
Moment Equilibrium   :  Mn (F, θ)  =  0    (1b) 
where, referring to Fig. 1, Zn  and Mn are the external 
balancing force and moment respectively; F is the average 
factor of safety and θ is a characteristic angle defining the 
variation of the interslice force inclination, δ, given by : 
θ=δ tanktan ii                        (2) 
where the suffix i denotes the ith interslice boundary (Fig. 
1). The coefficient k in the Spencer method is equivalent to 
the interslice force function f(x) in the Morgenstern and 
Price method. If n be the number of slices, (n-1) values of k 
are prescribed by the user; e.g., if k is taken to be unity 
throughout, then the interslice forces will be all parallel and 




Fig.1. (a) Definition and Notations; (b) Forces on a typical 
Slice: (c) Forces on an Interslice Boundary 
 
Method of Solution 
The method of solution suggested by Spencer (1973) for the 
pair of nonlinear stability equations stated above is a 
process of successive approximation in which the values of 
the external force Zn and the external moment Mn are 
gradually reduced to a negligible level. Bhattacharya and 
Basudhar (1999) have discussed certain limitations of this 
method and proposed an alternative powerful and efficient 
equation solver.  
Line of Thrust     
Figure 1(c) shows, on a typical interslice boundary, the 
normal component of the effective interslice force, Z′ 
together with the heights L and L′ of the points of action of 
the total and effective inter-slice forces respectively from 
the slip surface. Accordingly, the lines joining these points 
at various interslice boundaries are called the line of thrust 
for total stress and for effective stress respectively. In the 
Spencer method of analysis, these are obtained as a part of 
the solution. Expressions for L, L′ and Z′ are given by 
Spencer (1973) and by Bhattacharya (1990) for unloaded 
and loaded slopes respectively.  
Tension Crack  
In those cases in which the positions of the lines of thrust 
(obtained as part of the solution) are not satisfactory, 
Spencer (1973) has recommended the assumption of a 
water-filled vertical tension crack running parallel to the 
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crest of the embankment. The depth of the tension crack, zt, 
can be assumed as the depth of zero active earth pressure, 










′=        (3) 
The above expression is, however, applicable only to slopes 
in homogeneous soils in which the pore water pressure 
increases with depth in direct proportion to the overburden. 
Depth of Tension Crack as Design Variable  
Equation (3) requires an iterative procedure to solve for the 
depth of tension crack zo. Spencer (1973) suggested that the 
value of F occurring in this expression can be obtained from 
a preliminary trial taking k = 1 throughout and with no 
tension crack. In the search for critical slip surfaces the 
value of F changes from one trial shear surface to another. 
In the search for critical slip surfaces of general shapes, the 
iteration can be conveniently done by treating zt as a design 
variable together with an upper limit for zt as zo. This aspect 
is further discussed in a later section. 
MINIMIZATION OF THE SAFETY FUNCTIONAL  
Slice Discretization 
The potential sliding mass is divided into n vertical slices of 
uniform width (Figure 2). Let y1, y2,   yi,   , yn+1 be the y co-
ordinates of the shear surface at the slice boundaries. The 
shear surface terminates at the bottom of a vertical tension 
crack of depth zt. If x1, x2,   , xi,     xn+1 be the corresponding 
x co-ordinates, then, yn+1 = (Ht  - zt ); x1 =  xL  and, xn+1  =  
xU.  From these, the angle αi that the base of the ith slice 





Fig.2. Discretization Model for Homogeneous slopes 
Design Vector 
The shape and location of a shear surface is completely 
defined by y2, y3,......., yi, ......, yn, zt, xL, and xU and, for a 
given soil, the factor of safety can be expressed as a 
function of the above co-ordinates. The search for the 
critical surface is to find these co-ordinates which minimize 
the factor of safety. The design vector in this case is, 
therefore, as follows: 
[ ]TtULni32  z, x, x,y ......, ,y ,.......,y ,y=D                    (4a) 
and,  ndv = n+2       (4b) 
where, ndv is the total number of design variables. Thus, the 
number of design variables is directly proportional to the 
number of slices adopted in the computation and when zt is 
not considered as a design variable, ndv = n+1. 
Objective Function 
Since the objective is to minimize the safety functional, F, it 
is identified as the objective function and can be expressed 
in terms of the design vector as:  
 F = f (D)         (5) 
where, D is the design vector given in equation (4a). 
Design Constraints 
In order to ascertain that the shape and location of the slip 
surface are physically reasonable and kinematically 
compatible, the following restrictions or constraints need to 
be imposed on the choice of the design variables. The 
constraints enumerated below are all inequality constraints. 
Boundary Constraints 
1.  The shear surface must lie within the slope geometry; 
this will be satisfied if the following restrictions are 
imposed. 
(i) tij Hy)(g =D  ≤  0      (6a) 
                                   i = 2,3,.…,m1 + 1;   j = 1,2,…,m1. 
where m1 is the number of interslice boundaries lying 
to the left of the toe. 
(ii) { } 1H)xx(xy)(g tiTTij −−=D  ≤ 0    (6b) 
)1mm(i)2m( 211 ++≤≤+
)mm(j)1m( 211 +≤≤+  
where, m2 is the number of interslice boundaries within 
the inclined portion (including the toe) of the slope 
surface and xT is the x co-ordinate of the toe. 
 
Paper No.2.70         
           3
(iii) 1Hy)(g tij −=D  ≤ 0      (6c) 
ni)2mm( 21 ≤≤++
)1n(j)1mm( 21 −≤≤++  
2. The shear surface should not penetrate any rigid 
stratum below. Assuming that the rigid stratum 
boundary is a horizontal one at a depth Df , as in Fig. 2, 
the normalized form of the above requirement is given 
by: 
1D)y(abs)(g fij −=D  ≤ 0     (7a) 
When the hard stratum boundary is an irregular one, the 
above constraint is given by : 
 ( ) 1zabs)y(abs)(g fiij −=D  ≤ 0     (7b) 
where,  represents the corresponding ordinates of the 
irregular rigid boundary. If, however, the lowest point 
yM of this boundary is found out, then, instead of 
putting a constraint on all the ordinates with negative 
values (i.e., below the x-axis), only one constraint 
would do. This can be expressed as in the following 
constraint equation [Eqn. (7c)]: 
f
iz
1D)y(abs)(g fMj −=D  ≤ 0     (7c) 
3.  When the depth of tension crack, zt is a design variable, 
an upper limit for zt  is set at z0, the depth of zero active 
earth pressure (Eqn. 3). 
1zz)(g otj −=D  ≤ 0        (8) 
Curvature Constraints 
4.  For the shear surface to be concave upward, the 
following relationship should be satisfied.  
( ) i1ii1ij H/yy2y)(g +− +−−=D         (9) 
Side Constraints 
5.  To ensure reasonable values and to avoid unnecessary 
search, an appropriate lower bound on the design 
variable F may be imposed as follows:  
0FF)D(g 0j ≤+−=       (10) 
where Fo is the specified lower bound on F. Similarly, 
appropriate upper and lower bounds may be imposed on the 
design variable θ. A detailed discussion on this has been 
given by Bhattacharya and Basudhar (1999). 
Acceptability Constraints  
To obtain a physically acceptable solution, the following 
constraints need to be imposed: 
1.   No state of tension should be implied to exist above the 
slip surface. For this, control is imposed on the position 
of the line of thrust. The line of thrust, which is 
obtained as a part of the solution should lie within the 
middle thirds of the heights of the interslice boundaries. 
However, it has been observed that imposition of such 
constraints may be unnecessary and become too 
stringent for smooth progress of the minimization 
scheme. To allow more flexibility, therefore, the line of 
thrust is restricted to lie within the sliding mass. The 
following normalized forms of the constraints are 
considered: 
I.    0HL)(g iij ≤−=D      i = 1, 2,…, n-1   (11a) 
II.  1HL)(g iij −=D  ≤ 0      i = 1, 2,….., n-1   (11b)  
where, referring  to  Fig. 1(c),  Li  is  the  height of the 
point of application of the interslice forces from the 
shear surface and Hi is the height of the ith interslice 
boundary. 
However, situations may arise where the above 
constraints are found hard to satisfy particularly in 
locations near the crest of a slope. In some cases it also 
happens that the above constraints are satisfied, yet, the 
line of thrust for effective stress is not satisfactory. In 
such cases introduction of tension crack generally 
results in acceptable line of thrust. In some cases, in 
addition to tension crack, other assumptions regarding 
the slopes of the interslice forces are to be tried in order 
to obtain reasonable lines of thrust (Spencer, 1973). 
2.  The internal forces obtained from the solution should 
not violate the Mohr-Coulomb failure criterion 
anywhere within the sliding body. This can be ensured 
by checking that the values of the factors of safety 
along vertical interfaces are not less than the overall 
factor of safety of the slope. However, it has been 
demonstrated (Spencer, 1981) that in those cases in 
which the obtained line of thrust is satisfactory, the 
solutions generally show good agreement between the 
average factor of safety against shearing on the slip 
surface and the factors of safety on the critical shear 
planes (which may not be vertical). On the other hand, 
it is not desirable to burden the numerical scheme with 
too many constraints, unless they are essential, so that 
the progress of minimization is not unduly affected. 
Keeping the above observations in view, no such 
constraint has been imposed; however, the obtained 
solution is checked for any violation of this 
requirement. 
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3.  The directions of internal forces obtained as part of the 
solution should be kinematically admissible. Following 
the discussion above, in order to avoid using too many 
constraints, no such constraint has been imposed. 
However, in all cases the obtained solutions are 
checked for the admissibility of signs of the forces, 
consistent with the method of analysis. 
THE DIRECT PROCEDURE OF DETERMINATION OF 
CRITICAL SLIP SURFACES 
The procedure of determination of critical shear surfaces for 
which formulation has been presented above may be 
referred to as the Indirect Procedure as it involves, in the 
process of arriving at the critical slip surface, numerous 
attempts to solve the stability equations for a large number 
of trial slip surfaces. Rigorous methods of analysis such as 
the Spencer method or the Morgenstern and Price method 
call for an elaborate numerical technique for solving the pair 
of nonlinear stability equations. It has been reported that 
apart from being slow, such techniques occasionally meet 
with convergence difficulties (Bhattacharya and Basudhar, 
1997). 
It has, therefore, been felt that it would be very useful if the 
slope stability problem be formulated in such a manner that 
the critical slip surface is determined directly obviating, 
thereby, the tedium of solving a couple of nonlinear 
equations every time a trial slip surface is generated by the 
auto search technique employed in the minimization 
scheme. This may be achieved by including both F and θ in 
the design vector along with the slip surface co-ordinates 
while putting the force equilibrium and the moment 
equilibrium requirements as equality constraints. The 
optimal design vector would now give not only the shape 
and location of the critical slip surface but also the factor of 
safety, F, and the interslice force angle, θ, associated with 
the critical shear surface. The objective function, however, 
remains unchanged, namely, the factor of safety of the 
slope. Thus, in this new formulation, the objective function, 
F, also appears as a design variable. The procedure of 
determination of critical slip surface based on this new 
formulation will henceforth be referred to as the Direct 
Procedure. The basic problem may be stated as follows: 
Find the shear surface as well as the corresponding factor of 
safety, F, and the interslice force angle, θ, such that the 
factor of safety of the slope is minimized subject to the 
conditions that: 
(i)  the force equilibrium condition is satisfied i.e.,  Zn  =  0 
(ii) the moment equilibrium condition is satisfied i.e., Mn =0 
(iii) the shape of the critical slip surface is kinematically 
admissible and that the obtained solution satisfies some 
acceptability criteria. 
Design Vector and Constraints  
From the above, it is clear that for the Direct Procedure the 
design vector defined earlier is extended by the inclusion of 
two additional design variables, F and θ, and is given by : 
[ ]TtULni32 ,F,z,x,x,y,....y,.......,y,y   θ=D     (12a) 
and,  ndv = n + 4     (12b) 
The constraints associated with the Direct formulation 
includes all the inequality constraints associated with the 
Indirect formulation discussed earlier. In addition, two 
equality constraints are required to be imposed in the form 
of the two equilibrium requirements ( Zn = 0 ; Mn =0 ) 
which are inherent in the formulation itself. These two 
conditions can be combined to form a single normalised 
equality constraint as : 
 ( ) ( ) ( )2t2nf2nj bHMSZl γ+=D      (13) 
where, lj stands for the jth equality constraint function, Ht is 
the height of the slope, γ is the unit weight of soil, b is the 
width of each slice and Sf is a scale factor. The scale factor 
Sf is introduced to make the function well behaved without 
any eccentricity resulting from the possible large difference 
in the magnitude in the values of Zn and Mn. Otherwise the 
iterative scheme is to find the minimum may not converge. 
In this analysis the scale factor has been chosen as given 
below. 
 
[ ] [ ]









θ∂∂+∂∂=      (14) 
Mathematical Programming Formulation  
The constrained minimization problem stated above can be 
cast as a mathematical programming problem of the 
following general form : 
Find D 
such that      (15a) .Min)(f D →
subject to : 0)(g j ≤D   j =1, 2,........... ,ni.  (15b) 
           0)(l j =D   j =1, 2,............,ne.  (15c) 
where, ni and ne are the total number of inequality and 
equality constraints respectively. D, f(D), g(D) and l(D) 
represent the design vector, the objective function, the 
inequality and the equality constraint functions respectively. 
Solution Procedure 
Since it is difficult to obtain an initial feasible decision 
vector, a method which accepts infeasible initial design 
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vector is advantageous. The extended penalty function 
method enunciated by Kavlie (1971) is adopted here 
because of the fact that this method readily accepts 
infeasible decision points but the optimal solution lies in the 
feasible region. In this method, the modified objective 






jjkk )](g[Gr)(f)r,( DDD       (16) 
where, the function G is chosen as follows : 
                  j jG g 1/ g ( ),⎡ ⎤ =⎣ ⎦(D) D jfor g ( ) ≤ εD
                                                                          (17) 
                  2j2 g ( ) ,⎡ ⎤= ε − ε⎣ ⎦D   jfor g ( ) > εD
where, the tolerance, ε, is given by : 
 tkr δ−=ε        (18) 
tδ  is a parameter defining the transition between the two 
types of penalty terms and p is the total number of 
constraints.  The parameters  and, ε can be chosen 
appropriately from guidelines available in the literature 
(Cassis and Schmit 1976). r is a positive constant called 
penalty parameter and rk is its value corresponding to the kth 
cycle of minimization. Using a reduction factor c (usual 
value is 0.10) the penalty parameter rk is made successively 
smaller in order to obtain the constrained minimum value of 
the objective function f(D). Thus, 
tδ
 rk+1  =  c rk        (19) 
The composite function ψ(D), so generated, is then 
minimized by using Powell’s method of conjugate 
directions for multidimensional search and quadratic 
interpolation technique for linear search. 
The proposed Direct Procedure formulated above has been 
coded in a Fortran program SUMSTAB and all 
computations reported herein have been carried out using 
the program SUMSTAB. 
CASE STUDY: THE LANESTER TEST EMBANKMENT 
Description 
The case study presented here is that of a well documented 
test embankment in Lanester, France. The Lanester test 
embankment is one of the four test embankments which 
were brought to failure as part of a research program. Pilot 
(1972) and Pilot et al. (1982) presented detailed description 
of the soil conditions at four embankment sites as well as 
the observed failure surfaces. Three of these test 
embankments were located in Narbonne, Lanester and 
Cubzac in France, while the fourth one was in Saint -Alban, 
Quebac, Canada. 
The Lanester embankment material is compacted sandy 
clayey gravel. It has been reported that the slide was 
preceded by lateral displacements that caused the formation 
of vertical cracks in the embankment. The observed failure 
surface was reported to be circular (La Rochelle et al., 
1974). The authors also presented a detailed description of 
the subsoil conditions at the embankment site. Figure 3 
shows the geometry and the material properties of the 
Lanester Embankment, the sub-soil profile and also the 
observed failure circle.  
Re-analysis  
The previous analyses of the Lanester  Embankment consist 
of the total and effective stress analyses based on the 
Simplified Bishop method, as reported by Pilot et al. (1982) 
and a total stress analysis using the program SSOPT as 
reported by Talesnick and Baker (1984). In the present 
study, total stress analysis has been carried out using the 
Direct Procedure for general shaped slip surfaces. The 
predicted critical slip surface has been compared with the 
observed failure surface as well as with those predicted 









Fig.3. Soil Profile and the Observed Failure Circle for 
Lanester Embankment (Pilot et al.1982) 
Paper No.2.70         
           6
Strength profiles used  
The undrained shear strength profiles for the clay 
foundation, which have been used in the present analysis of 
the Lanester Embankment, are the following: 
(i)  the actual average vane shear strength profile reported 
by Pilot et al. (1982) and approximated by three straight 
lines. This is marked as profile 1 in Figure 4. 
(ii) the idealized profile consisting of linear segments as 
used by Talesnick and Banker (1984) in their analysis 
using the program SSPOT. This is marked as profile 2 
in Fig. 4. 
(iii) the field vane shear strengths have been corrected using 
Mitchell’s (1983) equation based on Bjerrum’s 
recommendation, as given follows: 
cu (corrected) = cu (vane) [1-0.5 log (PI/20)]     (20) 
The profile formed after applying Bjerrum’s correction to 
the profile 1 above is marked as profile as 3 in Fig. 4. 
       
 _______Average vane-strength profile 
 __  . __ . Average vane-strength after Bjerrum correction 
 - - - - - - Strength profile used by Telesnick & Baker (1984) 
 AB,BC,CD Straight line fits used in the present analysis 
  
Fig.4. Strength Profiles Considered for the Lanester 
Embankment 
Results and Discussion  
In the search for critical non-circular surface by the Direct 
procedure, the critical circular slip surface reported by Pilot 
et al. (1982) has been taken as the initial surface, to take 
advantage of a good staring point. Because of the formation 
of the tension crack over the full height of the embankment, 
all shear surfaces terminate at the bottom of these cracks. 
The factor of safely computed for the initial surface varies 
somewhat depending upon whether the tension crack is 
assumed to be dry or water-filled and the number of slices 
used in the computation. 
Figure 5 shows the following slip surfaces and the 
associated factors of safely. 
(a)  Observed failure circle as reported by La Rochelle et al. 
(1974). 
(b)  Critical circle based on total stress analysis, reported by 
Pilot et al. (1982). 
(c)  Critical circle based on effective stress analysis, 
reported by Pilot et al. (1982). 
(d)  Critical total stress non-circular slip surface using the 
program SSOPT, as reported by Talesnick and Baker 
(1984). 
(e)  Several total stress critical non-circular slip surfaces 
obtained in the present analysis, namely, 
(i) Critical slip surface obtained by using the linearly 







(1) Critical total stress surface by present analysis using 
strength profile 1 (Fig. 4):  Fmin=1.05             
(2) Critical total stress surface by present analysis using 
strength profile 2 (Fig. 4):  Fmin= 1.09 
 
Fig. 5.  A Comparison of Observed and Calculated Slip 
Surfaces for the Lanester Embankment 
(ii) Critical slip surface obtained by using the strength 
profile (profile 2 in Figure 4) used by Talesnick and 
Baker (1984). 
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(iii) Critical slip surface obtained by using the corrected 
profile (profile 3 in Figure 4). 
Among the three cases of re-analysis stated above, it has 
been observed that the critical slip surface obtained in the 
case (iii) is in close agreement with the observed failure 
surface. Table -1 presents the values of Fmin and θ 
corresponding to this critical slip surface  
Table-1 Results of present Re analysis 
Minimum factor 





1.00 0.0672 Corresponding to 
strength profile 3 
(Fig. 4) 
Table 2 presents the locations of the line of thrust and the 
magnitudes of the interslice forces associated with the 
critical slip surface obtained in the present analysis using 
the corrected vane shear strength profile. As can be seen, 
the location of the line of thrust is reasonable in the sense 
that it is almost within the middle-third of the heights of the 
interslice boundaries. It is also seen that the normal stress 
and the interslice forces are all positive and, therefore, 
admissible. 
A comparison of the factors of safety values for various 
cases are separately presented in Table 3. The following 
observations may be made from Figure 5 and Table 3. 
1.  The Fmin values reported by Pilot et al (1982) using total 
and effective stress analysis based on Simplified 
Bishop method are 1.27 and 1.13 respectively which 
are much higher than unity. Using the strength profile 
used by Talesnick and Baker (1984) in their analysis by 
the program SSOPT, results obtained by using the 
proposed technique show a Fmin value of 1.09 in 
contrast to the value of 0.99 reported by the authors. 
This discrepancy could partly be due to the error in 
scaling the strength profile from the above references. 
Using strength profile marked 1 in Figure 4 i.e., the 
average vane shear strength profile, the proposed 
technique gives a Fmin of 1.05. 
2.  Examination of the obtained critical slip surfaces 
reveals that it resembles the well known failure 
mechanism for a footing on a half-space consisting of 
active, radial and passive zones, where the active and 
passive zones are bounded by straight lines. The 
obtained critical surfaces (profiles 1 and 2) are similar 
in shape to the surface reported by Talesnick and Baker 
(1984); however, they are shallower than the latter 
surface. It should be noted that the ‘observed’ failure 
surface does not resemble such a mechanism of bearing 
capacity failure likely to occur in a fully cracked 
embankment such as the Lanester Embankment. The 
predicted critical surfaces (with profiles 1 and 2) are 
close to the observed failure surface only over a small 
length in the central portion but are much closer to the 
total stress critical surface reported by Pilot et al. Pilot 
et al.’s effective stress critical circle is quite far off 
from both the observed and the present failure surfaces. 
3.  It has been pointed out by Talesnick and Baker (1984) 
that their predicted failure surfaces has little 
resemblance to the ‘observed’ one and that it is not 
clear to them how the observed failure surface whose 
shape dose not appear to be reasonable was determined. 
In addition, the factor of safely of the observed failure 
circle has been obtained by them as 1.3 which is very 
high. The factor of safely computed in the present 
analysis using strength profile 1 is 1.24, which is also 
very high. 
4.  However, when the strength profile 3 (Fig. 4) (which 
has been obtained after applying Bjerrum’s correction 
to the average vane strength profile 1) is used, not only 
that the predicted failure surface gives a factor of safely 
1.0, it is in remarkably close agreement with the 
observed failure surface especially at the two outcrops. 
In the central portion, however, the predicted surface is 
somewhat shallower than the observed one. For the 
analysis, the tension crack in the embankment has been 
assumed to be water-filled. Analysis carried out 
assuming the tension crack as dry also gives a surface 
with a Fmin value of 1.0; however, in this case the 
agreement with the observed failure surface is not so 
close and hence it has not been presented in Figure 5. 
Considering the fact it is most probable that the 
outcrops of the failure surface at the ground surface has 
been determined with sufficient accuracy, the 
prediction in the former case i.e., applying Bjerrum’s 
correction and assuming water pressure in the tension 
crack appears to be very good. The above indicates that 
such correction may make very significant difference in 
the results. 
Table 4 presents the design vectors and constraints at the 
starting and optimal points. The observations regarding 
effectiveness of the proposed numerical scheme in handling 
quality constraints and in achieving proper convergence, 
made in earlier bases, hold for this case also. 
 
Paper No.2.70         
           8























































































































































Paper No.2.70         
           9
Table-3. Comparison of Factor of safety for the Lanester Embankment 
 
Designation 
of the surface 
 














Critical Total Stress circular surface 
obtained by Pilot et al. (1982) 
(a) Results reported by Pilot et 
al. (1982) 
(b) Evaluation of F.O.S for the 
same surface by Telesnick 
and Braker (1984) 
(c) Evaluation of F.O.S for the 
same surface in the present 
analysis 
                                       (i) 
                                      (ii) 
                                     (iii) 
                                     (iv) 































































1,2 and 3 refer to 
Fig. 4  
Critical effective stress circular 





1 Not reported 
 
1.13  
Critical total stress non-circular 





2 Not reported 
 
0.99  
Critical total stress non-circular 
surface obtained in the present 
analysis using the Direct procedure 
 
                                       (i) 
                                      (ii) 
                                     (iii) 
                                     (iv) 
                                      (v) 











































case (v) shows the 
best agreement 






Observed failure surface 
(a) Evaluation of F.O.S by 
Talesnick and Baker (1984) 
 
(b) Evaluation of F.O.S in the 
present analysis 
                                                 (i) 
                                                (ii) 
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Table- 4 Design Vector and Constraints in the analysis of the Lanester Embankment 
No. of Slices = 14 No. of design variables = 17 
Starting Point 
F = 1.2500  θ = 0.1000       
 
Design Variables:  
-1.5219 -2.4834 -3.1577 -3.6343 -3.9543 -4.1394 -4.2000 -4.1394  
-3.9543 -3.6343 -3.1578 -2.4836 -1.5221 9.2807 -3.6807 1.2500  
0.1000         
 
Inequality Constraints : 
-1.0000 -1.0000 -1.0000 -0.9979 -0.9148 -0.8355 -0.7561 -0.6730  
-0.5823 -0.4782 -0.4412 -0.3830 -0.2756 -0.5604 -0.2872 -0.1977  
-0.1566 -0.1349 -0.1245 -0.1212 -0.1245 -0.1349 -0.1565 -0.1977  
-0.2873 -0.5606 -0.5305 -0.5792 -0.5714 -0.5611 -0.4739 -0.4149  
-0.3728 -0.3424 -0.3220 -0.3143 -0.3575 -0.4776 -1.1745 -0.4695  
-0.4208 -0.4286 -0.4389 -0.5261 -0.5851 -0.6272 -0.6576 -0.6780  
-0.6857 -0.6425 -0.5223  0.1745 -0.2501 -1.0000 -0.5109   
 
Equality Constraint : 0.3541E+01 
εo=-0.1000 δτ = 0.001      
f= 1.2500  ψ = 1.3073 Zn = −89.53Ε+02 Mn = −0.4065Ε+03 
Optimal Point: 
 
F = 1.000  θ = 0.0672       
 
Design Variables:  
-1.8307 -2.8582 -3.3487 -3.6820 -3.9117 -4.0755 -4.1663 -4.1637  
-3.9706 -3.6517 -3.1793 -2.3677 -1.2709 14.4159 -9.3387 1.0000  
0.0672         
 
Inequality  Constraints : 
-1.0000 -1.0000 -1.0000 -1.0000 -1.0000 -0.9263 -0.7780 -0.6254  
-0.4944 -0.1793 -0.4557 -0.4168 -0.3140 -0.8031 -0.5371 -0.1572  
-0.1036 -0.0659 -0.0729 -0.0934 -0.1906 -0.1258 -0.1535 -0.3391  
-0.2852 -0.1740 -0.5317 -0.5585 -0.5507 -0.5433 -0.5377 -0.4292  
-0.3446 -0.2888 -0.2697 -0.2741 -0.2822 -0.3040 -0.3712 -0.4683  
-0.4415 -0.4493 -0.4567 -0.4623 -0.5708 -0.6554 -0.7112 -0.7303  
-0.7259 -0.7178 -0.6960 -0.6288 -0.32E-03 -0.0672 -0.5426   
 
Equality  Constraints : 0.5644E-10 
No. of r-minimizations required = 4 
f = 1.0000  ψ = 1.0026 Zn = 0.6628E-03 Mn = 0.2205E-02  
 
Note : Out of a total of 17 design variables, the first 12 denote y-coordinates, the next two x-co-Ordinates of the two 
ends of a shear surface, the next two  denote F and  θ while the last variable denote (Ht – zt ) .Out of a total of 55 
inequality constraints, the first 13 are boundary constraints, next 13 are curvature constraints, next 26 are constraints 
on the line of thrust, and the last 3 are side constraints on F and θ respectively. 
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CONCLUSIONS 
On the basis of the case study presented in this paper 
involving re-analysis of an actual failed slope of a well 
documented test embankment on soft clay, the following 
conclusions can be drawn: 
1.  The Direct Procedure developed by the authors based 
on a rigorous limit equilibrium method (Spencer, 
1973) coupled with the Sequential Unconstrained 
Minimization Technique (SUMT) of nonlinear 
programming promises to be a powerful and efficient 
tool for determining the critical slip surfaces and the 
associated minimum factors of safety in the stability 
analysis of embankments on soft clay. The extended 
interior penalty function method adopted in the 
proposed direct procedure appears to be a powerful 
algorithm in handling infeasible design points as well 
as equality constraints for this class of problems. 
Acceptance of infeasible starting points is an 
advantage with the proposed procedure to solve a wide 
variety of problems. (It is seen from Table 2 that even 
though the initial design point lies in the infeasible 
region, the optimal solution lies in the feasible 
regions).  
2.  The computer code SUMSTAB for the developed 
Direct Procedure can handle such stability problems in 
stratified deposits with any irregular subsoil undrained 
strength profile.  
3.  In the case study reported herein the results obtained 
using the program SUMSTAB based on the Direct 
procedure are comparable to that yielded by the 
program SSOPT based on the Spencer method and 
dynamic programming technique (which is known to 
yield global minimum). It is observed that the value of 
the minimum factor of safely obtained by using the 
two programs are in close agreement with each other, 
the corresponding critical slip surfaces are, however, 
markedly different.  
4.  For the observation stated above it appears that it is the 
shape and location of the critical shear surface rather 
than the value of the minimum factor of safety, which 
is more sensitive to the methodology used for their 
determination. 
5.  The shape and location of the failure surface predicted 
by the Direct procedure is found to be quite sensitive 
to the subsoil undrained shear strength profile. The 
predicted failure surface has been found to be in very 
close agreement with the observed failure surface 
when the in-situ vane shear strength profile is 
subjected to  Bjerrum’s correction. 
6.  Thus, the present case study demonstrates that the 
developed methodology has the potential to predict the 
failure surface to a satisfactory level of accuracy, 
provided proper care is taken regarding the selection of 
the sub soil strength profile. 
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